MATHEMATICA MORAVICA
VoL. 26, No. 2 (2022), 123-145 doi: 10.5937/MatMor2202123F

Existence of beam-equation solutions with
strong damping and p(z)-biharmonic operator

JORGE FERREIRA, WILLIAN S. PANNI,
ERHAN PiskiN, MOHAMMAD SHAHROUZI*

ABSTRACT. In this paper, we consider a nonlinear beam equation with
a strong damping and the p(z)-biharmonic operator. The exponent
p(+) of nonlinearity is a given function satisfying some condition to be
specified. Using Faedo-Galerkin method, the local and global existence
of weak solutions is established with mild assumptions on the variable
exponent p(-). This work improves and extends many other results in
the literature.

1. INTRODUCTION

Let © be a bounded domain in RY (N > 3) with a smooth boundary 9.
We consider the following problem

utt+A[2)(I)U_ Aut+f(x7t7ut) :g(xvt)7 in QT7
(1) u=0, Au=0, on 9Qr,
'LL(.%,O) :u0(x)7ut(x70) :ul(x)7 in §,

where Ag(m) is the fourth-order operator called the p(z)-biharmonic operator
and is defined by Az(x)u = A(|Au[P™®=2Aw). We introduce, for 0 < T < oo,
Qr =02 x(0,T), 0Qr = 92 x (0,T) and the functions p(-), f(+), g(-), uo(-)
and wi(-) which satisfy the following conditions.

The function p : € — (1,00) is log-Hélder continuous, i.e., there are
constants ¢ > 0 and 0 < < 1 such that

(2) lp(z) — p(y)|log |z —y| < —¢, Va,yeQ, |z—y|<é.
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The function f € C(2 x [0,00) x R) and satisfies for three positive con-
stants ¢, co and c3, and for all (z,¢,s) € Q x [0,00) x R
f (.’B,t, 8) s Cl|5’q(w) — C2,
3
“ Gt < es (1599 41),

where ¢ : Q — (1, 00) is log-Holder continuous. For all z € Q, we have that
p(+) and q(-) satisfy

() 1<y <ple) <p7 <G
(5) 1<q§q(w)§q+<1\%,
where
p~ =essinf p(x), pT = esssupp(z),
r€Q zeQ)
q =essinf q(x), ¢ =esssupq(x).
zeQ e
Furthermore, we consider that
(6) up € WA (@) N W5 * (),
(7) ui € L*(Q),
(8) g€ L™ (Qr),
where ¢(+) and ¢/(-) are conjugated exponents satisfying le) + ﬁ =1, for
all x € Q.

Partial differential equations with variable exponents have many appli-
cations in mathematical physics, for example, problems of filtration pro-
cesses in non-homogeneous porous media [1]|, wave equations [2,3, 18|, non-
linear beam equations [10], restoration and image processing [11-13|, flow
of electro-rheological or thermo-rheological fluids [14-17], plate equations
with viscoelasticity, elasticity term or viscoelasticity term [19,20]. The p(z)-
biharmonic problems are at the intersection of these fields of study.

For the p(x)-biharmonic elliptical problems, Ge, Zhou and Wu [21] studied
the problem

(9) {Ag(m)u = f(z,u), in £,

u=0,Au =0, on 05,

where f(z,u) = AV (x)|u|9®) =24, X is a positive real number, V is a weight
function and p,q : © — (1,00) are continuous functions. Considering dif-
ferent situations concerning the growth rates involved in Problem (9), they
proved the existence of a continuous family of eigenvalues using the moun-
tain pass theorem and Ekeland’s variational principle.
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Li and Tang [22] studied Problem (9) with Navier boundary condition and
for f(z,u) = Nu[P™®~2u+g(x,u), where A < 0 and g(z, u) is a Carathéodory
function. Using the mountain pass theorem and Fountain theorem, they
established the existence of at least one solution.

Kong, in 23], considered Problem (9), where f(z,u) = \b(z)|u|"®) 2y —
Ae(x)|ulP®) =2y — a(z) |u|P®) 24, with A > 0 is a parameter and a, b, ¢, 5,7 €
C(Q) are nonnegative functions. He proved the existence of weak solutions
to the problem associated with Navier boundary conditions.

For the p(x)-biharmonic parabolic problem, recently Liu [24] studied the
problem

ug + Ap( YU = |u|?®) =2y, in Q x (0, 7],
u=0,Au =0, on 0% x [0, 7],
u(z,0) = up(z), in Q.

The author established the local existence of weak solutions and deter-
mined the finite-time blowup of solutions with nonpositive initial energy.
Regarding the equations with variable exponent nonlinearities, we also refer
to [4-9].

To the best of our knowledge, the present paper is the first to study the
p(z)-biharmonic hyperbolic problem related to the local and global existence
of beam equation solutions with strong damping.

The paper is organized as follows. In Section 2, we present some known
results concerning Lebesgue and Sobolev spaces with variable exponents
that shall be required. In Section 3, we prove the local and global existence
of weak solutions for Problem (1). Finally, in Section 4 we present the
conclusions of the paper.

2. PRELIMINARIES

In this section, we present some results about Lebesgue and Sobolev
spaces with variable exponents, LP()(Q) and W™P()(Q), respectively (see
[3,16] for more details). Let p: £ — [1, 00) be a measurable function, where
Q is a domain of R™V. We define the variable-exponent Lebesgue space by

LP(~)(Q) = {u ! — R, mensurable in ; p(u / |u(z)|P () gy < oo}

Equipped with the following Luxemburg-type norm

lullyy = el ooy = inf {2 > 05 p(5) <1}
LP0)(Q) is a Banach space (see [16]).
If p* is finite, then p(x) is bounded and
min { a7,y g0 017000 } < P(00)

(10)
< max {ul},

LrO)(Q ||“”Lp<>(g)}
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The inequality (10) can be represented by

‘ 1 1 1 1
(1) min{p()7, p(w)7 } <l o) < max { o), p(w)>7 |
Theorem 1 ([3,16]). If p(z) and q(x) are variable exponents with p(z) >
q(z) for a.e. x in Q, then LPO)(Q) — LIO(Q).

Theorem 2 (Holder’s inequality, see [3]). Letu € LPO(Q) and v € LF'O(Q)

) 1
with 1 < p(z) < oo and ()+p(x) 1. Then

- / |uvrd:c<( s )HUHLm oll e

< 2||UHLP(')(Q)HUHLP’(-)(Q)'
The variable-exponent Sobolev space W™P()(Q) is defined by
wmr)(Q) = {u € LPV(Q); D e LPO(Q), Yo, o] < m},

where m is a non-negative integer and D® is the derivative in the sense of
distributions. The variable-exponent Sobolev space is a Banach space with
respect to the norm

||U||m,p(.) = HUHW”%P(')(Q) = Z HDau||LP(')(Q)'

laj<m

We denote by ng’p(')(Q) the closure of C§°(Q2) in W™P0)(Q), where C§°(Q)
is the space of infinitely differentiable functions with a compact support
contained in . Throughout this paper, we denote by ¢; various positive
constants which may be different at different occurrences.

If X is a Banach space, then we denote by LP(0,7; X), with 1 < p < oo,
the Banach space of measurable vector valued functions u : (0,7) — X,
such that ||u(t)||x € LP(0,T), together with the norms:

1
T D
||u|er<o,T;X>=(/0 ||u<t>usi—dt) L 1<p<oo

[ull oo,y = €ss sup flu(®)llx, — p=oc.
0<t<T

In addition, by C*(0,T; X') we denote the space of continuously differentiable
functions on [0, 7] with values in X.

Theorem 3 ([16]). Letp: Q2 — (1,00) be a bounded function and log-Hélder
continuous. If q : Q — (1,00), with ¢© < N, is a bounded and measurable
function with

Np(z) e
< * = Q
q(z) <p N = 2p(2)’ Vo €,

then, there is a continuous embedding W>P()(Q) < L10)(Q).
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Theorem 4 (|25]). Letp: Q — (1,00) be a bounded function and log-Hélder

continuous. Then, there is a constant ¢ such that for each u € Wg’p(')(Q),

Hung,m»)(Q) <c HAUHLP(')(Q) :

Theorem 5 ([3]). Let @ C RN be a bounded domain and {w;(z)}2, an
orthonormal base in L*(SY), then for any € > 0, there is a constant Nz > 0

such that
1
Ne 2 2

=1
for allu € Wol’p(')(Q), where 2 < p < c0.

Theorem 6 ([26]). Letp : Q@ — R be a bounded log-Hélder continuous
function with p~ > 1. If {un,}°2, is bounded in LPO)(Qr) and u, — u a.e.
m Qr as n — oo, then there exist a subsequence of uy, still denoted by u,,
such that u, — u in LPO)(Qr) as n — oc.

Theorem 7 (Peano, see [27]). Let I = [a,b] be a real interval, D C RN and
a continuous function f : IxD — RN, If (tg,x20) € IxD, C >0 andT >0
are such that [to — T, to + T] x B(xo,C) C I x D, where B(xq,C) is the ball
with center xg and radius C, then the problem

a'(t) = f(t,z(t)),
(13) {x(to) = 2o,

with t € [to — 7y, to + 7], has at least one solution z, where v < min {T, %}

and M = Max(t z)elto—T,to+T]x B(zo,C |f(t z)|.

3. WEAK SOLUTIONS

In this section, we establish the existence of weak solutions to Problem
(1), where the functions p, f, g, up and wu; satisfy the conditions given by

(2)-(8).

Definition 1. The scalar function u : Q7 — R is a weak solution to Problem
(1), if u satisfies simultaneously:

we L™ <O,T; w2et) (Q)) nc (o,T; W2 (Q)) :
L e 1% (0,75 L2 (Q)) N L2 (o,T; w2 (Q)) N L0 (Qr)

and
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du(z,0) Ou Dy _
- ! dr — =T drdt AulPP 72 AuApdadt
/Q T o(z,0)dz o 5 ot —i—/T\ ul ulApdr

+/ \Y <8 ) V(pdxdt—i—/ f (x,t, Ou )goda:dt = e/ g (x,t) pdxdt,
- ot . ot Or

for all ¢ € C1(0,T;C5°(2)) with ¢(z,T) = 0.

We apply the Faedo-Galerkin method to Problem (1) and show the exis-
tence of weak solutions. For that, as stated in [28,29], we choose a sequence
wj(7)}32; C C§°(Q) such that C5°(Q) C U2, Vi " and {w;(z)}72, is
a Hilbertian base in L?(Q), where V,, = (w1(x),ws(x), ... ,wn(x)). Due to
the fact that (07, Vj, is dense in C?(Q2), it is well known that, if up €
w2rO(Q)N WOI’Z(Q) and u; € L?(€), then there are v, ¢, € V,, such that,

when n — o0,

(14) {wn =g in WARO(Q) N WGH(Q),

bn — up  in L2(Q).

Multiplying the equation (1) by an arbitrary function v € V,,, integrating
over () and using Green’s formula, we get

82

o vd:c+/|Au|p 2AuAvd:E—|—/ \Y <8

ot

—i—/Qf (ac,t, gt) vdr = /Qg(x,t)vdx.

The Faedo-Galerkin method consists of finding a sequence of solutions

) Voudx

(15) Un(2,t) = i (Hwi(z) € Vi
j=1

to the approximate problem

/ 0%u ouy,
Q

n Ay PP 72 Au, A /
52 vd:r—l—/g[ Up| upAvdr + | 'V T Vudx

+/Qf<a: t, a@t )vdz—/ﬂgn(l’,t)vd%

for all v € V,, with g, € C§°(Qr) and g, — g in LY@ (Qr).
Substituting (15) in (16) and taking v = w; with 1 <14 < n, we obtain




J. FERREIRA, W. S. Panni, E. Pigkin, M. SHAHROUZI 129

/ Sl (0w (2)ws(@)da
Q5

+ ni (0 Awj(z) | Aw;(x)dx
(17) " - wilx w;(x)dx

+/Q (jzlnmoe)v A >) Vei(x)d

+/Qf (w,t,jzl%(t)wg‘(fﬂ)) wi(z)dz

_ /Q n (2, 1) wi()de,

Oy, (t 2y (t
where n;lj(t) = "a%( ) and n;{j(t) = gt;( ).

Defining the projection Py;(t, u,v) : [0,7] x RV x RY — R as being

p(z)—2
(Z P (1) Aw; (ZL‘)) Aw;(x)dx
j=1

(18) +/Q (Jz:l an(t)ij(x)> Vwi(x)dx
+ [ flat,)) vmit)wi(z) | wi(z)d,
oS

where 1 < i < n, and using the fact that Vj, is a Hilbertian base in L?(),
then we get

p(z)—2
(t)Awj(z)

Py (t,p,v) = (t)Awj(x)

77;:1 (t) + P (t, N1 (t), 77/ 1(t)) =Gn(t),
G

Mn2(t) + Paa (t,1n2(t), 112 (1)) = Ga(2),
(19)

U;:n(t) + Pon (t7 N (), nim(t)) = Gnn(t),
where

Gri(t) = / gn (x,t) wi(z)dx.
Q
Problem (19) can be rewritten as

(20) 1" (t) + P (t,n(t), 7' (1)) = Gul(t),
1n(0) = Uon, 7' (0) = Utn,
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with
77%1(75)
//(t) _ an(t) :
T (1)
gnl (tv M1 (t)v 77;11 (t))
2 (T, Mna(t), ;L t
P (o) /() = | 2 e a0
P (8 n (), 1 (1))
Gni(t)
Grn(t)
We define
(21) X(@t)=n'(t),
(22) Y (t) = (n(t), X(1)),
(23) Zn(t) = (X(t), Gu(t) — Pu(t,n(1))),

thus, Problem (20) becomes

{Y’(t) = Zu(t,Y (1)),

(24) Y (0) = (Uon, Urp)-

Before we prove the solution to Problem (24), we will make some remarks.

Remark 1.
Oup\ Ouy, Ouy, a(z)
2 — ) —dz > -n _
( 5) /g;f(xvt’ ot > ot diUCl/;2 ot dx c4,
where ¢4 = c2|Q| > 0.
Proof. In fact, using the equation ((3))
Oouy \ Ouy, Ouy, q(x)
g L) Loy > Gun |7 ) g
/Qf(m”at>at x—/g<cl ot A
du,, |9
= — dx — cy. O
“ /Q ot T

Remark 2.

p(z)
(26) / ’Aun’p(w)—Q Au, A Fun dr = ide
Q ot dt  p(x)
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Proof. Note that,

3P = p(a) | P92 A A () .

Thus, we obtain that

/ | Ay [P@72 Au, A (3un) dx
0 ot

1 d d [ |Auy,P®
:/ - % Aun|p($) dr = — %dx.
Q

p(z) dt dt Jo p(x)
Oouy, 2
Falt,n —dt/pm o V(m)
ou,, q(x)

+c —_— dr — cy.
Q

Remark 3.

Anp(x
|Auy| g

ot

Proof. Using the projection (18), we get

Pult, non 1 = / A P2 Ay 3 A ()8

=1

Oup
o () e Eren
# 1w )zw, Dt
Q
So, it follows that

Po(tm,n' )’ :/ | A [P Auy A (aun> da
@ ot
Oun, Oy,

Oouy \ Ouy,
—&-/Qf(a:t 8t)8td

Replacing (25) and (26) in (28), we conclude (27).

g

Now, returning to Problem (24) and in the seek of simplicity, we are
omitting the arguments. Composing Problem ((24)) with Y, applying the

inner product and using (21), (22) and (23), we obtain that
(29) Y'Y —n'n—Gun' = —Pur’
Applying the inequality (27) in (29),
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, d/ | Au, [P Aun \ |
YY+dt R dx + . \Y BT dz
(30)
O, 19®)
—l—cl/ —  dzx < n'n+ Gy +c.
o | ot

We know that n'n < |n||n| and applying Young’s inequality,

1 1

(31) n'n < |0 Inl < 3 n|” + 3 n|®

and

(32) G '<1|G \2+1\’12
ntl > 9 n 9 n .

Replacing (3) and (32) in (30) results in
d [ |Au,P® duy,
Y'Y+ — | ———d V| —
- dt/Q p(x) ’ +/Q ot

1

5\77\ +5 \77| +5 \GI + 5 Inl + ey
ou,

Qv<at>

Since {w;}7_; is a Hilbertian basis, then |Gnl? = [ lgn|?dz. Thus,

q(=)

ouy, da

ot

2
da:+cl/
Q

By (22), we have
d |Aun|}°(ﬂf) q(z)
Y'Y + — / ———dz +
dt Jo p(z)

ouy, e

2
dx—i—cl/ —
Q

ot

<Y += !G| + c4.

d [ |Au, @ Aun \ |2 Oy |1
Y'Y+ — | —F—d — || d —_— d
+dt/9 (@) T + . \Y% 5 T+ oot x
1
<IVP+ [ ol do s ca
We know that 2dt|Y|2 Y'Y, then
/\Aun\p
2dt dt
Ou,, Ouy, a(z)
33 — —
(33) +Qv<at) dl‘+C1/Q 5 dx

1
<|Y)? + 2/§2\gn]2dx+64.

Integrating (33) from 0 to ¢ and since t < T,
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|Aun|P<x / |Auy, (,0)P)
Y —
2dt/]]dt+/ 12unl 7 s p(x
q(z)
<8“”) dwdt + c1 / / Oun |
/|Y )P ds + = //|gn] dxds + c4T.

By (14), up(z, 0) converges strongly in W2’p(””)(Q)ﬂW01’2(Q), then |Awy, (x,0)|
is bounded by a constant, that is,

(35) |Auy(z,0)] < cs.
In addition, we have
2
(36) (8“”> dadt = Hv (a“”> < ¢,
0t Jlir2(or)
q(=)
(37) / / Gun|* d dt = ‘a“” < er,
Ot a0 (@r)
(38) E / / (|2 dads < cs.
2 Jo Ja

Replacing (35), (36), (37) and (38) in (34), and defining ¢o(T") = c4T + c5 +
cg — cg — cic7, then

A, [P
2dt/|Y‘ dt+/| ul d:z:</|Y )? ds + co(T).

Applying Gronwall’s lemma,

Anp
th/ |Y‘ dt-l—/| | dx<010( )

Since p : Q — (1,00), it follows that

p(z)
(39) / A", < / | Atup P@ dz
o p) Q
Thus,
(40) th/ ek dt+/ A P@ dg < e1(T).

We know that [, |Au,|P@dz > 0, then
Y () =Y (0)] < Ve(T),
where ¢(T') = 2¢19(T).
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We denote

T
M, = max |Z,(t,Y)| and v, < ming T, o(T) ,
(tY) € [0,T]xB(Y (0),\/e(T)) M,

where B(Y (0), \/c(T)) is the ball with center Y (0) € R?" and radius +/c(7T).
By definition Z,(¢,Y) is continuous with respect to (¢,Y’), then applying
Peano’s Theorem 7 it follows that Problem (24) has a solution C'! over the
interval [0,~;], it implies that over the same interval Problem (20) has a

solution C? denoted by nl(t).

Considering that n(~,) and % are the initial values of Problem (20),

then we can repeat the previous process and over the interval [, 2v,] we
obtain a solution C? denoted by 12 (t).

We define
T T T
T = [} Yn + <> Yn, With 0 < <> <1,
Tn Tn Tn

where [%} and (%) are, respectively, the integer part and the decimal
part of % If we divide the interval [0,7] in [(i — 1)y, i), i = 1,2,...,L
and [L~y, T], where L = [%}, then there is a solution C? over the interval
[(i—1)7,, i) denoted by n? () and there is n*1(¢) over [L~,, T]. Therefore,

n

we obtain a solution 7, (t) € C?([0,T]) as follows
m(t),  ifte[0,],
m(t), it € (yn, 2l
N (t) = :

ﬁﬁ(t)a if t € (L — 1)yn, Lyl

nEtL(t), if t € (L, T).

Therefore, we conclude that Problem (1) has local solutions. Our next ob-

jective will be to prove that these solutions are global, before that we show
Lemmas 1 and 2 that assist in the development of this paper.

Lemma 1. The following estimates are uniform with respect to n for all
te[0,7T]

2
(41) / d:x+/ | Au, [P®) dx+/ V> dz < Cy,
Q Q Q

(42) / dzdt + / | Ay, [P dzdt + / v(a”">
Qr Qr Qr ot

Proof. Through equation (40) and since |Y(0)|? is bounded, then we have

Y () +/ | A, P9 dz < ¢y
Q

Oun

ot
q(z)

2

Ouy dadt < Cs.

ot
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Using (15)), (22), the fact that w;, 1 < j < n, is a Hilbertian base and
Poincaré’s inequality, we obtain (41). On the other hand, in (33) since |Y|?
and [, |gn|*da are bounded, then
2
dx + c1 /
Q

d [ |AupP@ / Ouy,

Integrating from 0 to 7" and using Qr =  x [0, 77, it follows that

q(z)

ou
n dx S C12.

ot

Au,, |P® NE . |1@)
/ Mdmdt+/ v <6“ > dxdt —{—cl/ Oun| ™ Jedt < c1s.
r  P@) ’ ot ot
From (39) and by hypothesis ¢; > 0, we conclude (42). O

Lemma 2. The following estimate is uniform with respect to n for all
te[0,7],

< (4.

ou
D U g <[ (r1.22)
(43) Il | HLP O(Qr) 0 LY O)(Qr)

Proof. By Lemma 1, we obtain

Jo

()
|Aun|p($)_2Vun‘p dzdt §/ \Vun\p(m) dzdt < cy4.
T

Thus,
H\Aun\p(x)*ZVun
L' (O(Qr)
p7:1 p+;1
< max (/ |Aun|p(x)daz> o </ ]Aun]p(x)dx> ’ ,
Q Q
that is,
p(x)—2 <

(44) ([P ™ o S
Using (3) and (37), it follows that

Ouy
(45) Hf <x7t7 u) < ¢16.

ot e o@r

From inequalities (44) and (45), we conclude (43). O

Next, we prove our main result of the paper in the form of Theorem 8§,
which guarantees the existence of weak global solutions to Problem (1).
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Theorem 8 (Existence of weak global solutions). Under the conditions
(2)—(8), Problem (1) has a weak solution in the sense of Definition 1.

Proof. Using Lemmas 1 and 2 there is a subsequence of w,, (still denoted by
u,) and u such that

Oup + Ou o
ﬁ El n L (OaTvL (Q))v

un = i L0, T WP () 0 L0, T; Wy (),

Oun _ Ju

ot ot
| Aup [P 2 A, — € in LV ®(Qr),

f (m t, a;;") — f <a:,t,?;;> in L9 (QT)

Our next objective will be to prove that there is a subsequence of u,,, such
that

in L4 (QT) N L? (0,T; W()IQ(Q))7

8un ou . o o(@
5 " g ™ L2(Q) and u, — uin LY (Qr).

Note that, from (15) and since w;(z)}7_; is a Hilbertian base, then

Oouy, 0* Unp,

(46) ij(x)dx = 1,,;(t) and . Wu}j(m)dz = 7 ().

Q

Through Lemma 1, it follows that 7 ;(¢) is uniformly bounded in [0, T7.
Consider that 0 < t; < to < T, integrating (20) from ¢; to to, using (46)
and defining QE = Q x [t1,t2], we get

Oun(z,t2) [ Oup(z,ty)
/Qatwj(x)dx /9875 wj(x)dx

Ouy,
p(z)—2 .
(47) +/Qt2 | Ay, | Aunij(m)dmdt+/t2 V( 5 )Vw]( )dxdt
t1 t1

Oup,
—l—/t2 f <$,t, (915) wj(x)dzdt = /Q@ gnw;(x)dzdt.

t1 t1

By (46), we obtain

) [ 2 ey [ ) 0)an < o 1) — oy 1)

Replacing (48) in (47) and using Hoélder’s inequality (12),
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|17 (t2) — 11,5 (t1)]
<2 H\Aun\p(x)”Au

ouy,
29 (52 gy 175ty =100t Pl i

e (w0 5)

As Hg”HLQ’(‘)(QE)ij||L‘1(‘>(Q§f) > 0 and by Poincaré’s inequality, it follows
that

oo () 140 (o)

t2) ijHLq(.)(sz) .

La'e) (Qt1

1 (t2) — Mg (t1)]
<ar “\Aun\p(x) 2

Oouy,
"(@ ), (o)

ouy,
f <IE, t: 8t)

By Lemmas 1 and 2, |[|Au,[P® 2AunHLP() t2) HV(a“”)

"Mooz 18400 at)

+ c18

IVl (@2)

+ ci9

) [ gHLq()(Qt2> :

L0 (@
HL2 Q'2) and
1 f(z,t, S )HLq’(')(QE) are bounded, then
|1 (t2) — Mg (t1)]
< e (118310 gy + 193133 g2) * Wil ) )
Through Theorems 1, 3 and 4, it follows that
|1 (t2) — nnj(t1)]
< o (1830 )+ 1894115 ) + 1853 ) )
Using (11), we get
|1 (t2) — 1nj (t1)]

Inax{|t2—t1ﬁl (/ |ij(z)|p<m>dx>P o — 1|7 </ |Aw; (z )|p(w)dm) +}
Q Q
1 = L &
+max{|t2—t1q_ (/ |ij(:c)|q(z)dm) Jt2 — t1]«F </ |Aw;(z )1 dm) }
Q
+max{|t2—t1% (/ ij(;v)|2dx)2}].
Q

< 21
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Thus, the sequence n,;(t), with 1 < n < oo, is uniformly bounded and
equicontinuous for fixed j and n > j in [0, 7). Using Arzela-Ascoli’s theorem
(see [30]), there is a subsequence such that 7,;(t) converges uniformly in
[0, 7] for some continuous function n;(t) for each fixed j =1,2,....

We define

oo
u(w,t) = Z T]j(t)w]‘(l'),
j=1
then for each j € N, it follows that
: dun, _
7}1_)120/9 B W (x)dx = /Quw] (x)dx
uniformly in [0,77]. With the completeness of w;(z) we obtain that

and uniformly in [0, 7] when n — co. Furthermore, it turns out that u = %.

Using Lemma 1 and the Lebesgue’s dominated convergence theorem, we get

. T ou, Ou 2
nlLIEO ; (/Q <8t — 875) wj(a:)dx> dt = 0.

Through Theorem 5, there is a positive number N, independent of n such

that
ou ou Ne. T ou ou 2
‘n— §2Z/ </<n—)wj(a:)d:z:> dt
ot Ot gy j=170 o\ ot Ot
T 2
+ 2¢2 / Oun _ Ou dt.
Furthermore, by Lemma 1
lim su Hﬁun_au < egoe?
n%oop ot ot 20 S C2e”.
The arbitrariness of € implies that
ou ou
=" —— in L? :
o o Q)
Consequently, there is a subsequence of u, such that
6;; — (2;: a.e. in Qr.

For the continuity of f, we get

Ouy, ou .
f (:U,t, E?t) = f (w,t, 8t) a.e. in Qr.
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Our next objective will be to prove that u, — u in LY@ (Qr). We know
that u, € WH2(Qr) and by Theorem 3 we can obtain a subsequence such
that u, — u in L?(Qr) and a.e. in Q7. By (4), Lemma 1 and Theorem 3,
we have

_Np(@)
/ |un| V=20 dx < cg3, YVt €[0,T].
Q

T Np()
/ / |t | N=20) dxdt < cay.
0o Jo

For any measurable subset V' € Qrp, if we use Holder’s inequality (12) and

that ¢(z) < p* = NNI;ED(L), then

This implies that,

/ [un| O dwdt < 2|[Junlll o 0 < 1]l :
% L a() Q1) Lr*()—a() ) Lr* () q( >( )
Thus, the sequence |u,|9®), with 1 < n < oo, is equi-integrable in L' (Q7).
By Vitali’s Convergence theorem (see [31])

lim |t — u|9® dzdt = 0.

n—oo QT
Therefore, u, — u in LI®)(Qr).

Finally, our next objective will be to prove that & = |Au|p(”)_2Au. We
know that for all p € C(0,T;C§°(Q2)), we can choose a sequence @) €
C1(0,T; V) such that ¢ — ¢ in CY3(Qr), where for any u € C12(Qr) its
norm is given by

8u }

= swp {
|Oé‘§2, ($7t) S QT

For all 7 € [0, T, we have

2
lim lim/ aau;@kdxdt

k—o0 n—00 Q

= lim lim ( Oun(,7) T) (x,T dm—/ 8un (x 0)dac>
o Ot

k—o0 n—00

~tim lim [ 20,
k—o00 n—00 Q- 0 ot
= lim /u(x 7)ok (z T)dx—/u (z,0)dz — Ou &Okd dt
koo Q  TIPRE Q PR, Q- 8t ot

:/ﬂ(x T)p(z, T)dx—/ulgo(x,O)dx— @%d dt.
Q

0. O Ot
=l / a
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where Qr = Q x (0,7). By (16), it follows that

/ 92 —— " prdrdt +/ | Aup |P® 2 Au, Agy, + V (aa ) Vordxdt

T

+/ f <ac t, Oun > prdrdt = / gnprdxdt.
Q- ot Q-

Thus,

2

n—oo Q
.

t
ou ou
—/QTQW eAp V<8t>w f< ,a>wdazdt.

In addition, for any ¢(x) € C3°(€2), we have

_ _ L un(z,7)  Oun(z,0)
/Q(U(JU,T) u1) pde = lim. Q< Y Y Y(x)dx
T [ PPu

= nh_)rgo ; /Q o2 w(:n)dxdt

ou ou
= A — —
/QT gp —EAp —V <8t> Vp—f (x,t, 8t) pdxdt,

—0, (1—0).

Consequently, %(z, t) is weakly continuous in L?(£2), that is, we have u(z,t) €
Cy(0,T; L3(£2)). For all n € C1([0,T]) with n(T) = 0 and 7(0) = 1, we get

ouy,
o Wn(t)wi(m)da;dt =— /Q un (z,0)n(0)w;(z)dx

—/ U (2, )0 (t)w; (x)dxdt.

T

If n — oo, then
/ (u(z,0) — up) wi(z)de =0, withi=1,2,...
Q

By the completeness of basis w; in L%(Q), we conclude that u(z,0) = ug.
Due to Vu, = Vu in L®(0, T; L*(2)) and 2 — 94 iy 12(0, T; Wy *(2)),
just as was done by Lions [32] we assume that ue C0,T; Wy ?(2)) and that
there is a subsequence of u, such that Vu,(z,T) — Vu(z,T) in (L*(Q))Y

Thus,
/ Vu(z, T)%dz < liminf / Vun (2, T) 2da.
0 n—o0 0
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We take ¢ = uy in equation (49) and if k¥ — oo, then

/ a(z, T)u(z, T)dx — / ujupdx —l—/ <§Au +V (3u> Vu> dxdt
Q Q Qr ot
2
/ Ou dxdt +/ f < 78 >udazdt / gudaxdt.
Qr T ot T

ot
Multiplying (20) by n,;, adding j from 1 to n and integrating from 0 to T,
we obtain

Oup,
p(z
/ / 52 und:cdt+/ /Aun —i—V( 5t >Vund:cdt
/ / ( ' >undmdt / /gn x, t)updxdt.

Therefore,

(50)

T
0< / / (!Aun]p(x)*QAun — \Au|p(”‘q)*2Au) (Au,, — Au) dxdt.
0 Q

T Ooup, ouy,
- /0 /anun —f (ilj',t, (‘3t> Uy — V <8t> Vundxdt
_/8un(xT) S )dx+/8un(a:0 dea:+/ /
o 0 d

T
- / / (12310 P2 0ty A - | AP )2 M) (A — A s
0 Q

Dun | dadt

By equation (50), we have

T
lim sup/ / <|Aun|p(x)*2AunAu + ]Au\p(‘”)ﬁAu) (Auy, — Au) dzdt
0 Q

n—0o0

T ou 1 9
S/ /gu—f x,t,a u — EAudxdt — 2/ |Vu(x, T)|*dx
0 Q Q

1 T
—|—/ |Vu(x,0)2dﬂc/u(x,T)u(x,T)da:+/u1uodx+
2 Ja Q Q 0
=0.
Thus,

dxdt.

T
lim / / (|Aun|p(w)72Aun - ]Au|p(z)72Au) (Auy, — Au) dxdt = 0.
Q

n—o0 0
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We define

Q1 = {(z,t) € Qr; p(x) > 2},
Q2= {(z,t) € Qr; 1 < p(x) <2},

then, when n — oo,

/ |Auy, — AulP® dadt
1

< 625/ (|Aun|p(”)_2Aun — |Au]p(x)_2Au) (Auy, — Au) dzdt — 0.
1
Moreover,
/ |Auy, — AulP® dadt
2

p(z)

Consequently, we obtain Au, — Awu in LP®) (Q1), then there is a subse-
quence of u, such that Au, — Au a.e. in Q7. Besides that,

|Aup P2 Auy, — |AuP@"2Au ace. for (2,t) € Qr.

Using Theorem 6, we obtain that & = |Au|P(®) =2 Aw.
Therefore, we conclude the proof of the theorem of the existence of weak
global solutions to Problem (1). O

2
LP0) (Q2)

2—p(x)

(mun‘p(w) + |Au‘p(z)) ?

— 0.

L2-7() (Q2)

4. CONCLUSION

We studied a nonlinear fourth-order beam equation with a strong dissi-
pation and a lower order perturbation with the p(z)-biharmonic operator
considering € RV, (N > 3), a bounded domain. Using Faedo-Galerkin
method, we proved the local and global existence of weak solutions with
mild assumptions on the variable exponent p(-).

ACKNOWLEDGMENTS

The second author was supported by FCT - Fundacao para a Ciéncia e
a Tecnologia, through Centro de Matemética e Aplicagoes - Universidade
da Beira Interior, under the Grant Number UI/BD/150794/2020, and also
supported by MCTES, FSE and UE.



J. FERREIRA, W. S. Panni, E. Pigkin, M. SHAHROUZI 143

(1

2]

3l

4]

5]

[6]

7l

(8]

9

(10]

[11]

[12]

[13]

[14]

REFERENCES

S.N. Antontsev, S.I. Shmarev, A model porous medium equation with variable expo-
nent of monlinearity: eristence, uniqueness and localization properties of solutions,
Nonlinear Analysis, 60 (3) (2005), 515-545.

S. Antontsev, Wave equation with p(x,t)-Laplacian and damping term: existence and
blow-up, Differential Equations & Applications, 3 (4) (2011), 503-525.

Antontsev S, Shmarev S., Evolution PDFEs with nonstandard growth conditions, At-
lantis Press, Paris, 2015.

Stanislav Antontsev, Jorge Ferreira, Erhan Pigkin, Ezistence and blow up of petrovsky
equation solutions with strong damping and variable exponents, Electronic Journal of
Differential Equations, 2021 (2021), Article ID: 6, 18 pages.

Stanislav Antontsev, Jorge Ferreira, Erhan Pigkin, Sebastiao M.S. Cordeiro, Exis-
tence and non-ecistence of solutions for Timoshenko-type equations with variable ex-
ponents, Nonlinear Analysis: Real World Applications, 61 (2021), Article ID: 103341,
13 pages.

Stanislav Antontsev, Jorge Ferreira, Erhan Pigkin, Hazal Yiiksekkaya, Mohammad
Shahrouzi, Blow up and Asymptotic Behavior of Solutions for a p(z)-Laplacian Equa-
tion with Delay Term and Variable Exponents, Electronic Journal of Differential
Equations, 2021 (2021), Article ID: 84, 20 pages.

Hazal Yiiksekkaya, Erhan Pigkin, Jorge Ferreira, Mohammad Shahrouzi, A viscoelas-
tic wave equation with delay and variable exponents: FExistence and monexistence,
Zeitschrift fiir angewandte Mathematik und Physik, 73 (4) (2022), Article ID: 133,
28 pages.

Erhan Pigkin, Finite time blow up of solutions of the Kirchhoff-type equation with
variable exponents, International Journal of Nonlinear Analysis and Applications, 11
(1) (2020), 37-45.

Jorge Ferreira, Erhan Pigkin, Carlos Raposo, Mohammad Shahrouzi, Hazal Yiik-
sekkaya, Stability result for a Kirchhoff beam equation with variable exponent and
time delay, Universal Journal of Mathematics and Applications, 5 (1) (2022), 1-9.

7. Bai, Z. Du, S. Zhang, Iterative method for a class of fourth-order p-Laplacian beam
equation, Journal of Applied Analysis and Computation, 9 (4) (2019), 1443-1453.

E.M. Bollt, R. Chartrand, S. Esedoglu, P. Schultz, K.R. Vixie, Graduated adaptive
image denoising: local compromise between total variation and isotropic diffusion,
Advances in Computational Mathematics, 31 (1-3) (2009), 61-85.

Y. Chen, S. Levine, M. Rao, Variable exponent, linear growth functionals in image
restoration, STAM Journal on Applied Mathematics, 66 (4) (2006), 1383-1406.

J. Tiirola, Image denoising using directional adaptive variable exponents model, Jour-
nal of Mathematical Imaging and Vision, 57 (1) (2017), 56-74.

E. Acerbi, G. Mingione, Regularity results for electrorheological fluids: the stationary
case, Comptes Rendus Mathématique, 334 (9) (2002), 817-822.



144

EXISTENCE RESULT FOR AN EQUATION WITH p(x)—BIHARMONIC OPERATOR

15]

[16]

[17]

18]

[19]

[20]

[21]

22]

23]

[24]

25]

[26]

27]

28]

29]

[30]

S.N. Antontsev, J.F. Rodrigues, On stationary thermo-rheological viscous flows, An-
nali dell’Universitad di Ferrara, Sezione VII, Scienze Matematiche, 52 (1) (2006),
19-36.

Lars Diening, Petteri Harjulehto, Peter Hasto, Michael Ruzicka, Lebesgue and Sobolev
spaces with variable exponents, Springer, Heidelberg, 2011.

Michael Ruzicka, FElectrorheological fluids: modeling and mathematical theory,
Springer-Verlag, Berlin, 2000.

S. Antontsev, J. Ferreira, Existence, uniqueness and blowup for hyperbolic equations
with nonstandard growth conditions, Nonlinear Analysis: Theory, Methods & Appli-
cations, 93 (2013), 62-77.

S. Antontsev, J. Ferreira, On a viscoelastic plate equation with strong damping
and ?(QL’7 t)-Laplacian existence and uniqueness, Differential Integral Equations, 27
(11/12) (2014), 1147-1170.

J. Ferreira, S.A. Messaoudi, On the general decay of a nonlinear viscoelastic plate
equation with a strong damping and ?(m,t)-Laplaci(m, Nonlinear Analysis. Theory,
Methods & Applications, 104 (2014), 40-49.

B. Ge, Q.M. Zhou, Y.H. Wu, FEigenvalues of the p(zx)-biharmonic operator with in-
definite weight, Zeitschrift fiir Angewandte Mathematik und Physik, 66 (3) (2015),
1007-1021.

L. Li, C. Tang, Exzistence and multiplicity of solutions for a class of p(zx)-biharmonic
equations, Acta Mathematica Scientia: Series B (English edition), 33 (1) (2013),
155-170.

L. Kong, On a fourth order elliptic problem with a p(x)-biharmonic operator, Applied
Mathematics Letters, 27 (2014), 21-25.

Y. Liu, Existence and blow-up of solutions to a parabolic equation with nonstandard
growth conditions, Bulletin of the Australian Mathematical Society, 99 (2) (2019),
242-249.

C. Zhang, S. Zhou, A fourth-order degenerate parabolic equation with variable expo-
nent, Journal of Partial Differential Equations, 22 (4) (2009), 376-392.

Y. Fu, The existence of solutions for elliptic systems with nonuniform growth, Studia
Mathematica, 151 (3) (2002), 227-246.

G. Peano, Démonstration de l’intégrabilité des équations différentielles ordinaires,
Mathematische Annalen, 37 (2) (1890), 182-228.

Y. Fu, N. Pan, Ezistence of solutions for nonlinear parabolic problem with p(x)-
growth, Journal of Mathematical Analysis and Applications, 362 (2) (2010), 313-326.

R. Landes, On the ezistence of weak solutions for quasilinear parabolic initial-
boundary value problems, Proceedings of the Royal Society of Edinburgh, Section
A: Mathematics, 89 (3-4) (1981), 217-237.

J.W. Green, F.A. Valentine, On the Arzela-Ascoli theorem, Mathematics Magazine,
34 (1960), 199-202.



J. FERREIRA, W. S. Panni, E. Pigkin, M. SHAHROUZI 145

[31] W. Rudin, Real and complezx analysis, McGraw-Hill Book Co., New York, 1987.

[32] J.L. Lions, Quelques méthodes de résolution des problémes aux limites non linéaires,
Dunod, Gauthier-Villars, Paris, 1969.

JORGE FERREIRA

DEPARTMENT OF EXACT SCIENCES

FEDERAL FLUMINENSE UNIVERSITY
27255-435 Vorura REDONDA, RJ

BRrAZIL

E-mail address: ferreirajorge2012@gmail.com

WILLIAN S. PANNI

MATHEMATICS AND APPLICATIONS CENTER
UNIVERSITY OF BEIRA INTERIOR

COVILHA

PorTucaL

E-mail address: willian.panniQubi.pt

ERHAN PigkiN

DEPARTMENT OF M ATHEMATICS
DicLE UNIVERSITY

TR-21280 DiYARBAKIR

TURKEY

E-mail address: episkin@dicle.edu.tr

MOHAMMAD SHAHROUZI

DEPARTMENT OF MATHEMATICS

JAHROM UNIVERSITY

JAHROM, P.O.Box: 74137-66171

IRAN

E-mail address: mshahrouzi@jahromu.ac.ir



